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We study nonlocality tests in which each party performs photodetection and homodyne meas- 
urements. The results of such measurements are dichotomized and a Clauser-Horne-Shimony-Holt 
(CHSH) inequality is used. We prove that in this scenario the maximal violation is attainable and 
fully characterize the set of maximally violating states. If we restrict our search to states composed of 
at most 2, 4, and 6 photons per mode, we find critical photodetection efficiencies of 0.48, 0.36, and 
0.29. We also found an entangled variation of the famous cat states that has critical efficiency 0.32. 
These values are well within the limit of current photodetector technology, which suggests the present 
approach as a road for a loophole-free Bell experiment. 



I. INTRODUCTION 

Since Bell proved his theorem in 1964 [ ], there has 
been considerable interest in experimentally ruling out 
local hidden variables models. Although Aspect's 1982 
experiment [ ] gave a strong evidence in favor of the 
existence of nonlocal correlations, it relied on the fair 
sampling assumption, thus opening up the possibility of 
a local hidden variables description [ ] for his experi- 
ment. 

From a fundamental point of view there is no 
reason to believe that nature maliciously disrespects 
fair sampling. However, the recent advent of device- 
independent protocols [ - ] gave an additional motiva- 
tion to search for a loophole free Bell test. In this case 
one may be fighting against an active opponent who can 
use the undetected photons to crack a given protocol. 
Hence, closing the detection loophole is a requirement 
for a demonstration of device-independent quantum 
information processing. 

In the standard Bell test using discrete variables and 
the Clauser-Horne-Shimony-Holt (CHSH) inequality 
[10], an overall detection efficiency higher than 2/3 is 
required to close the detection loophole [n, 12]. More 
recently, it was shown that the use of higher dimensional 
entangled states (and other inequalities) can lower this 
requirement [13]. However, these experimental situ- 
ations are still very demanding. 

An alternative method proposed to close the detection 
loophole in photonic systems is the use of homodyne 
measurements [ ], which can be made very efficient. 
However, earlier results relying only on homodyne meas- 
urements required unfeasible states [15-19] or displayed 
very small violations [20, 21], indicating that homodyn- 
ing alone may not render the definite Bell test. 

More recently, Cavalcanti et at explored a hybrid Bell 



test scenario that combines photodetection and homo- 
dyne measurements. An experimentally reasonable vi- 
olation of a CHSH inequality was found in a setup 
involving a feasible state, although with detection effi- 
ciencies still comparable to the best numbers found in 
the discrete variable cases [ ]. 

The main goal of this paper is to show hybrid schemes 
that overcome Cavalcanti et al.'s result in two senses: 
larger violations and lower required efficiencies. First, 
we prove that the maximal violation of the CHSH in- 
equality can indeed be found within the hybrid scenario. 
Moreover we fully characterize the set of states that 
attain this maximal value. Second, we study the ro- 
bustness of the CHSH violations of natural classes of 
quantum states for several sources of errors (photodetec- 
tion inefficiency, transmission losses, and dark counts). 
We demonstrate the existence of states that achieve both 
a large violation of the CHSH inequality and a high 
resistance to detection inefficiencies. 

We organize our paper as follows: 

1. Sec. II introduces the standard Bell test scenario 
and the CHSH inequality. 

2. Sec. Ill describes the hybrid measurements scen- 
ario, which involves homodyne measurement and 
photodetection in each side of the Bell test. 

3. In Sec. IV we show that maximal violation of the 
CHSH inequality can be obtained in the present 
scenario and characterize the family of states 
achieving such violation. 

4. As the family of states achieving maximal CHSH 
violation is physically unreasonable, we provide, 
in Sec. V, a study of other families of quantum 
states previously discussed in the literature, such 
as NOON states and truncated-Fock states. We 
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show that some of these states can provide quite 
high CHSH violation. 

5. Sec. VI studies typical errors involved in the Bell 
test, such as detection inefficiencies, transmission 
losses, and dark counts. In special we find some 
quantum states which are very robust against pho- 
todetection inefficiency. 

6. Sec. VII briefly discusses the multipartite case. 

7. Finally Sec. VIII is devoted to some discussions 
and future directions. 

II. THE CHSH SCENARIO 

Consider two parties, Alice and Bob, who can per- 
form two possible measurements of two outcomes each. 
Alice's measurements will be labelled by A ; (i = 0,1) 
and can return possible results a- t = ±1. Similarly, Bob 
can choose measurements B; (J — 0, 1) with possible 
outcomes bj — ±1. The CHSH inequality imposes a 
constraint on the correlations attainable by any local 
hidden-variable theory, and can be expressed as 

1%) + E01 + E io - En I < 2, 

where the correlations £,y = p(fl; = bj\Ai,Bj) — p(aj ^ 
bj\A jr Bj), being p(a, = bAAi, Bj) the probability that the 
outcomes of Alice and Bob are equal if measurements 
A{ and Bj are chosen. 

In quantum mechanics we can write the correla- 
tion terms as = tr^oA; (g) Bj), where A t and By are 
quantum observables with eigenvalues ±1 and p is the 
quantum state of the bipartite system. Thus, the CHSH 
inequality can be written, within quantum mechanics, 
as 

1(3)1 < 2, 

where 

B := A <g> B + A <g> B 1 + A x <8> B - A\ <8> B x 

is the CHSH operator. 

The advantage of defining the operator in this way 
is that to find the state | ip) that maximally violates the 
CHSH inequality one only has to find the norm of the 
CHSH operator and its corresponding eigenvector, so 
an unstructured search in the state space is unnecessary. 
For a more generous introduction we suggest [23]. 

III. CHSH WITH PHOTODETECTION AND 
HOMODYNE MEASUREMENTS 

As explained before, the CHSH scenario involves 
two measurements of two outcomes per party. Here 



we are interested in the case where the observables 
chosen by Alice and Bob are given by the X quadrat- 
ure X = f™^ x\x) (x\ dx and the number of photons 
N = E~=o n \ n ) { n \> where \n) is a Fock state. 

Both observables have an infinite number of possible 
outcomes, so we need to do a binning process in order 
to use them in a CHSH test, that is, map their outcomes 
into +1 and —1. The dichotomic version of the N oper- 
ator is the detection operator D, defined as 

D:=P D+ -P D _, (la) 

where 

CO 

^D+:=El n >("l and Pb- := |0><0|, (ib) 

n=l 

for which a click outputs the value +1 and the absence 
of a click outputs the value —1. This definition has a 
very clear physical motivation, since D models photode- 
tectors used for low intensity fields. 

For the X operator we will define a dichotomic oper- 
ator Q that will output +1 if the X measurement returns 
a value of x inside a set A + , and —1 if it returns a value 
in the complement A~ = ]R\A + . So we define the 
operator Q as 

Q : = PQ+ ~ Pq-> (2a) 

where 

Pq± := / |x)(x|dx. (2b) 

Ja ± 

Note that P D+ + P D _ = 1 = P Q+ + P Q _. 

We can now calculate the associated matrix elements 
in the Fock basis: 

(m\Q\n) = (m|PQ + |n) — (ot|Pq_ |t?) (2c) 
= 2(m\P Q+ \n) - S mn (2d) 

= 2 CpmVn- Smn, (2e) 
J A+ 

where cp n (x) = (x\n) is the nth Hermite function, that 
is, the nth eigenstate of the N operator in the position 
representation. 

As a matter of fact, note that the measurement oper- 
ator X restricted to the {|0), |1)} subspace after the sign 
binning process (i.e., A + = R + ), is given simply by 




V TC 



where a x is the standard Pauli matrix. Also note that 
the measurement operator of an arbitrary quadrature 
cos(#)X + sin(0)P in the same subspace and considering 
the same binning, where P is the quadrature orthogonal 
to X, is given by 

J— I cos(9)a x + sin(0)cr y ) . 
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In other words, if one applies the sign binning and deals 
with states in the subspace {|0), |1)}, measuring a quad- 
rature is equivalent to performing a spin measurement 
in the XY plane. This fact will be useful, for instance, to 
study the violation of Bell inequalities in the multipartite 
scenario (see section VII). 

Using Q and D, we can now define an operator 



B(A- 



Q®Q + Q®D + D(S)Q-D(S)D (3) 



so that the problem of finding the maximum violation 
of the corresponding inequality reduces to finding 1 

sup||B(A + )||, 

A+ 

in other words, the choice of binning that maximizes the 
norm of the CHSH operator. 

To actually solve this maximization problem we need 
to search through generic subsets of R, which is a diffi- 
cult task. Therefore we will choose A + to be an interval, 
with arbitrary endpoints 2 . In this case we can even 
evaluate B explicitly, simplifying the numerical work in- 
volved. In principle we could have considered different 
sets and hence different binnings for Alice and Bob, but 
in all our calculations we found no advantage in doing 
so. 



IV. MAXIMAL VIOLATIONS 

In this section we establish a direct connection 
between the maximal reachable violation and the bin- 
ning choice (set A + ). In appendix A we prove that states 
that attain maximal violations always belongs to the 
subspace generated by {|0}, IE}}® 2 , where 



1 



n=l 



<Po<Pn\n) 



and 9 6 (0, Tt) is a function of the binning, defined via 



cos0 := 2 J + q>Q- 1. 

Restricted to span{|0), |E)} and written in this or- 
thonormal basis, our observables take the form 

Dr = -cr z , 

Q R = cos 6 a z + sin 6 cr x , 



Where := sup m^|| =1 ||A|!/;}||. In finite dimensions \\A\\ is just 
the largest singular value of A. 
'■ Unstructured search indicates that this is usually the optimal case, 
or very near to it. 



and using the Khalfin-Tsirelson-Landau identity 3 [24, 25] 
we can check that 



= 2\/l +sin 2 0. 



(4) 



We remark that the states that attain this violation can 
be easily found by diagonalizing the CHSH operator 
restricted to span{|0), |E)}® 2 , that is, a 4 x 4 matrix. 

With equation (4), we see that the maximal CHSH 
violation 2y2 [26] can be reached iff J A+ cp^ = 1/2, and 
for these binnings, CHSH eigenstates are 



\n±) — s — m 



2 1 2 

with (7r±|B|7r ± ) = ±2y/2, where 



l</M 



ISO) + |0S) 
V2 



\<P- 



|oo) - |SS) 
V2 



(5a) 



(5b) 



V. PHYSICALLY MOTIVATED CLASSES OF STATES 

In the previous section, we showed that maximal 
CHSH violation is attainable. In order to understand the 
state |E), it is useful to explore the binning A + = R + , 
where the integrals in |E) are easy to solve. We can then 
write explicitly 



2E 



(-l)"(2n)! 



"„tu v / 27t(2« + 1)!2"«! 
Its asymptotic is then given by 



\2n + l). 



23/4 



00 (_-\\n 

E ( ] J 2w + 1). 



C(i)(2V2-l) n=0 {2n + 1) 



First note that in this state only the odd Fock states ap- 
pear. This comes from the fact that (pQ(p n is an even func- 
tion for even n, which makes J R+ (po<p n = 1/2 J R ^o^n = 
due to the orthogonality of the Hermite functions. 
Second, we see that its representation in the Fock basis 
goes polynomially to zero, causing problems like the di- 
vergence of the mean number of photons (E K + |N|E R +). 
In fact, we have numerical evidence that this divergence 
occurs for any choice of binning, forcing us to conclude 
that states defined in the subspace {|0), |E)}® 2 are un- 
feasible. From now on we look for restricted but physic- 
ally sound families of states. 



3 If A? = B] = 1, B 2 = 41 - [Ao,A{\ ® [ 
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A. Truncated Fock spaces 

As a first example we calculate numerically the largest 
violation of the CHSH inequality given a maximum num- 
ber N of photons per mode. The results are shown in 
table I. We chose to omit the states, since our objective is 
to illustrate the relation between the attainable violation 
and the size of the subspace. 



Subspace 


l<B>l 


Set A+ 




2.29 


[-0.10,oo) 




2.46 


[-0.08,oo) 




2.56 


[-0.05,00) 


u 6 


2.61 


[-0.04,oo) 


n 12 


2.67 


R+ 


u 18 


2.70 


R+ 


n 36 


2.74 


R+ 


%100 


2.77 


R+ 



Table I. Numercial maximal violation of CHSH for states in 
the subspace H N = {|0), . . . , |N)}® 2 . 



For odd N one can check that for a set A + CR that 
maximizes J A+ foVN, J A + <Po = Ia+ <Pn = !/ 2 holds, so 

{B) m0N < 1+ (/jWNl) ■ 

However J r |<Po<Pn| < 1 for all N > 0, which suggests 
that it is impossible to violate CHSH with odd N, as 
checked numerically up to N = 7. 

For even N we have found violations only for N = 2 
and N = 4. The numerical maximal violations and the 
upper bound given by equation (7) are summarized in 
table II. 

N I Upper bound 

2 2.25 2+4_ 

4 2.02 2+ -A; (^ + 3 costing- v / 6sinh v / 6) 

6 2 w 2.26 

Table II. Numerically found violations and analytical upper 
bounds for NOON states. 



B. The NOON states 

Another natural restriction is to consider the so-called 
NOON states, defined as |M)0N) := (|N0) + \0N))/Vl. 
In fact, the particular case of N = 2 was studied before 
in [22]. The use of NOON states puts some constraints 
in the expected value of the CHSH operator, particu- 
larly because (D <g> D) = —1 for these states. This con- 
straint (perhaps counterintuitively) forces 4 \(B)\ < 5/2. 
A proof of this fact is shown in the appendix B. 

The expected value of the CHSH operator for NOON 
states is given by 

( b )noon = 2 + 4 (/^+ 

We proceed to show an upper bound to this expected 
value. First note that by the orthogonality of the Hermite 
functions 

max / q> (p N = \ I \cp cp N \. (6) 

A+ JA+ 2 JR 

Also, J A+ <p^(l — f A+ <Pg) is always a nonnegative num- 
ber, so 

(B) mm <2+ UWofN\) ■ (7) 



4 We thank N. Brunner for pointing out this fact to us. 



Our results shows that in the proposed scenario, 
NOON states with high number of photons are not use- 
ful. 



C. States in the { 1 0) , I N) } 82 subspaces 

As a generalization of the NOON states we considered 
states in the {|0},|N}}® 2 subspaces. The results are 
shown in table III, and the states in appendix C. 

State Subspace | (23) | Set A + 

\Xi) {\O),m 02 2.29 [-0.10,oo) 

\X 2 ) {|O),|2)} 02 2.34 [-0.73,0.73] 

Ito) {|0),|3)} 82 2.09 [0.10,1.17] 

\Xi) {|O),|4)} 02 2.11 [-0.49,0.49] 

Table III. Maximal violation of CHSH for states in the subspace 

{|0),|N)}® 2 . 

We see that the highest violation lies in the subspace 
{|0), |2)}® 2 , and that the violation seems to decrease 
with N. To understand this result it is enlightening 
to look at the matrix representation of Q restricted to 
these subspaces. It is a 2 x 2 matrix, with off-diagonal 
elements 




Using equation (6) and making the asymptotic expan- 
sion of the rhs 

r , ,2 4 rcT 

/ \q>o<PN\ ~ — \/ irj— , 
Jr n V Nn 
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we see that the off-diagonal elements are monotonically 
decreasing with N and have limit 0. So for large N the 
observables Q and D are diagonal in the same basis, so 
they commute and there is no violation. 

This fact can be understood physically as the increas- 
ing distinguishability between cpQ and cp^ by the Q meas- 
urement. 



D. Cat-like states 

Another idea is to approximate directly the maximally 
violating states (5). To do so we repeat their structure 
but replace the problematic |S) with a well-behaved cat 
state [27]. The scheme is 



|E) n> I cat) := 

\\p+) h+ jcatOOn) 

\<p-) 1 y |00cat) : 
\n) ^ \T±) 



\x) ± 



1 ± e- 2 l«l 
_ |cat0) + |0cat) 

_ 1 00) - |catcat) 



(8a) 



(8b) 



(8c) 



cos(0) |cat00n) + sin(0) |00cat), (8d) 



where \T + ) is constructed with the even cat, and |T_) is 
constructed with the odd cat. \ct) is the coherent state, 
defined as 



kl 2 /2 



n=0 



We now have two free parameters to optimize, 9 and a. 
The maximal violation for is (B) ~ —2.45, reached 
with 8 ~ 1.05 and a ~ 2.06f. For |T_), the violation is 
(B) « -2.51, reached with 9 « 1.18 and a w 1.15;. 



VI. REQUIREMENTS FOR CLOSING THE DETECTION 
LOOPHOLE 

In the previous section, we studied the maximal at- 
tainable violation in the case of pure states and perfect 
measurements. Now, we shall consider a more realistic 
scenario, that includes losses and imperfect detections. 
In particular, we investigate the requirements needed to 
close the detection loophole. 

Our approach splits the problem concerning the over- 
all detection efficiency in two parts: the transmittance 
between the source and the detectors and the efficiency 
of the detectors. We are also going to consider an asym- 
metric measurement scenario: photodetectors with effi- 
ciency rj and homodyne measurements with efficiency 1 ; 
after all, the main reason for using homodyne measure- 
ments in Bell tests is that they can be made very efficient. 



Note that this scenario is very similar to the observable- 
asymmetric scenario proposed in [28], where Garbarino 
found out that if the detection efficiency of one observ- 
able is 1, the efficiency of the other can arbitrarily small 
and still produce a loophole-free Bell violation. 

In the following, we calculate the critical photode- 
tector efficiency, dark count rates and transmittance re- 
quired to guarantee a CHSH violation free of the de- 
tection loophole. This will be done by restricting our 
measurement operators to given subspaces and then 
numerically finding the optimal states. 



A. Photodetection efficiency 

We model the effect of having photodetectors with 
efficiency rj < 1 considering that the detection of each 
photon is an independent event [29]. So the probability 
that a photodetector clicks ( + ) for the state \n) is just 
the complement of the probability that it fails to click 
for all photons. That is, 

(i- v r. 



+ 



1 



In our scheme, this amounts to modifying the measure- 
ment operator D by generalising its projectors to POVM 
elements: 



P D+ ^E + := ^(1-(1-V) n )\n)(n\, 



(9a) 



n=l 



P D _ ^ E_ := |0> <0| + £(1 - tj) n \n)(n\. ( 9 b) 

n=l 



So now we have D„ 



E-. We remark that this 



new measurement is not projective anymore, so its out- 
puts are not the eigenvalues of an observable. But the 
rules for the expected value are the same, so the max- 
imal violation of the CHSH operator is still given by 

\\B(A+,r,)\\. 

In order to analyse the effects of inefficiency, we define 
a critical efficiency by 

\B(A + , V )\ 



ric{A- 



inf {rj : 

1 



>2}. 



Table IV displays the states that minimize t] c for given 
subspaces, their CHSH values for rj = 1 and their t] c . 
The states are in the appendix D. 

We presented only subspaces that have even number 
of photons, because including odd Fock states does not 
lower the critical rj, even though they do increase | (B)\. 
Note that a large violation does not imply a small tj c . 
As an example, the state that maximizes the violation in 
subspace {|0), \2)}® 2 has r/ c = 0.66. 

Finally, we calculated the critical efficiency of |/T_), 
equation (5), for the binnings A + = R + and A + = 
[- err 1 1 12, erf _1 1 /2], which are 0.26 and 0.55, respect- 
ively, and also of the state |r+), equation (8), which is 
0.32 for 9 = 1.12 and a = 2.36z\ 
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CHd.Lt: 


CJUUbpd.Lt: 


l/R\l n 
l\°/l Vc 


Qot A + 


1*2) 


{|0),|2)}® 2 


2.037 0.48 


-1.13,1.13] 


\n) 


{|0),|2),|4)}^ 2 


2.109 0.36 


-0.90,0.90] 




{|0),|2),|4),|6)}® 2 


2.170 0.29 


-0.77,0.77] 


life) 


{|0),|2>,|4),|6),|8)}« 


52 2.212 0.25 


-0.70,0.70] 



Table IV. Violation of the CHSH inequality for the states that 
attain the minimum detection efficiency t] c for a given subspace. 
The values of t] c are also given. 



B. Dark counts 

It is important to notice that an efficiency rj < 1 does 
not affect measurements of the vacuum state. As a 
consequence, states with optimal t] c for a given sub- 
space have a very large amplitude in the 1 00) compon- 
ent, which implies large sensitivity to dark counts. To 
model dark counts, we assume that given the state |0), 
the photodetector has a probability 8 to give the correct 
outcome —1, and probability 1 — 8 to give the spurious 
outcome +1. 

Using the same ideas of the last section, we construct 
new POVM elements to model dark counts: 

00 

F + : = ^(l-(l-^)»)|n)( M | + (l_J)|0}(0|, (10a) 
n=l 

00 

F-:=8\0){0\ + J^(l-T]) n \n)(n\. (10b) 

n=l 

So now we can generalize to D,j^ := F + — F_, and 
as before define B(A + ,f],8). 

With it, we calculate the minimum 8 for the states in 
table IV, and find out that they are extremely sensitive 
to dark counts, since they have a very large vacuum 
amplitude. We thus look for states that are more robust 
to dark counts and still allow reasonable values for rj 
and CHSH violation (see table V). These states have 
smaller vacuum amplitude, higher entanglement, and 
higher CHSH violation than the ones presented in the 
previous section. 



State 


Set A+ 


1(B) | 




\<h) 


-0.66,0.66] 


2.30 


0.65 0.92 


\<Pi) 


-0.49,0.49] 


2.23 


0.45 0.94 


lfc> 


-0.41,0.41] 


2.20 


0.34 0.95 




[-0.31,0.31] 


2.15 


0.28 0.96 



Table V. Examples of states achieving reasonable values for 8, 
rj, and (£>)|. The explicit form of these states are shown in 
appendix E. 

In figure 1 we show the behaviour of | (B) | as a func- 
tion of rj for these states. 



2.2 



- 




1 




-|r+> 
— \<h) 






-I'M 






\<Pe) 

1*8) 




- 








1 



0.4 0.6 0.8 

'7 



Figure 1. | (£>) | as a function of efficiency rj for |T + ) (9 = 1.12, 
a = 2.36f) and the states presented in table V. The paramet- 
ers in jr + ) were optimized to minimize the photodetection 
efficiency t] required for a CHSH violation. 

C. Transmittance 

Finally we study the effect of having a channel with 
transmittance t < 1 connecting the source of the photons 
to the detectors. We model this effect as an amplitude 
damping channel [ ] 

k 

where 

h=Z^)\l tn - k ^-mn-k){n\. 
The duality relation 

tr (b EupEZj ) = tr ( (E E tl & E ^ P^J , 

where Fy = Fj. ® F;, allows us to define 

B(A + , V ,t):=^E* kl BE kl . 

H 

Now we can, as before, define the critical transmittance 

t c (A+) := inf {f : \\B(A + ,tj = l,t)\\ > 2}. 

We found numerically t c for given subspaces (see table 
VI) and present the respective states in appedix F. 
Moreover, in table VII we show the minimum f for \T) 
and the states presented in table V (see figure 2). 
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^ii ihcnarp 

U.L/&L7cH_t- 


\\°/\ 


m t c 


Spt >4 + 
Jcl / l 




{|0),|2)}® 2 


2.18 


0.57 0.78 


-0.95,0.95] 




{ 0), 2),|4)}® 2 


2.18 


0.57 0.75 


-0.95,0.95] 


l?6> 


{|0),|2>,|4>,|6>}® 2 


2.13 


0.58 0.74 


-0.95,0.95] 


l&> 


{\0),\2),\4),\(>),m® 2 


2.07 


0.59 0.74 


-0.95,0.95] 



Table VI. Violation of the CHSH inequality for the states that 
attain the minimum transmittance t c for a given subspace 
and their minimum rj. As in the inefficiency analysis, the 
inclusion of odd numbers of photons does not lower the critical 
transmittance. These states are presented in appendix F. 



State 


Set A+ 


l<B>l 




|r+) 


[-0.48,0.48] 


2.38 


0.38 0.88 


\<h) 


[-0.66,0.66] 


2.30 


0.65 0.81 


lfc> 


[-0.49,0.49] 


2.23 


0.45 0.87 


lfc> 


[-0.41,0.41] 


2.20 


0.34 0.91 


lft> 


[-0.31,0.31] 


2.15 


0.28 0.95 



Table VII. Transmittance of |T + } and the states presented in 
table V. 




0.8 0.85 0.9 0.95 

t 



Figure 2. | (B) | as a function of transmittance f for |T + )(a = 
1.91, 8 = 1.03) and the states presented in table V. The para- 
meters in |r + ) were optimized to minimize the transmittance 
efficiency f required for a CHSH violation. 



VII. MULTIPARTITE STATES 

Multipartite states can also be seen as interesting can- 
didates for loophole-free Bell tests [17, 18]. For instance 
the N-mode GHZ state \GHZ) = (|0)® N + |1)® N )/V2 
was shown to attain an exponential violation of the N- 
partite Mermin inequality when only homodyne meas- 
urements are used [ ]. Those measurements are given 
by two orthogonal quadratures X and P followed by a 
sign binning process (i.e. A + = B + = ... = N + = 

This result can be easily recovered within the frame- 
work developed here. As commented in section II, in 
the present situation the measurement operators are pro- 
portional to Pauli cr x and Cy measurements. Noting that 
these operators are the optimal operators used in the 
violation of the Mermin inequality with the GHZ state, 
the violation of |GHZ) is given simply by 



This is nothing but the standard GHZ violation multi- 
plied by the term (2/n) N ^ 2 which comes from the norm 
of the measurement operators. 

We have also considered the three-mode state | W) = 
|001) + |010) + 1 100) and the Mermin inequality [31, 32] 

\(DQQ) + (QDQ) + (QQD) - (DDD) | < 2. 

We have found a violation of this inequality of 1 + ^ « 
2.29 for A + = B+ = C+ = R+. Unfortunately the 
minimum detection efficiency required in this case is 
rjc = 0.86. 



VIII. DISCUSSION AND FUTURE DIRECTIONS 

We studied CHSH inequalities that combine homo- 
dyne measurements and photodetection, where the 
quantum information is encoded in two modes of the 
electromagnetic field. First, we showed the maximum at- 
tainable violation for a given binning (set A + ). With this 
relation, we proved that maximal violation is possible 
in this hybrid scenario and characterized the family of 
states that attains it. Then we proceeded to seek states 
that had a good combination of feasibility, high viola- 
tion, small efficiency and transmittance requirements, 
and were also robust to dark counts. 

Using a simple numerical technique we found the min- 
imum photodetection efficiency necessary to obtain a 
violation given a limitation on the maximum number of 
photons in each channel. We found states that attained 
violation for photodetection efficiencies as small as 0.28. 
In the same direction, we also showed the possibility of 
violations with transmittances of the order of 0.75. 

We presented a state (\T) in (8)) that had the best 
combination we found of feasibility, reasonably high 
violation (2.38) and small efficiency and transmittance 
requirements (rj > 0.32 or t > 0.92). This state is made 
of vacuum and cat-like superpositions of coherent states 
and therefore perfectly physical, although by no means 
easy to produce. 

Finally, we made a brief analysis of the multipartite 
scenario. Using the Mermin inequality we recovered 
the result of [ ] for the violations of the N-mode GHZ 
state and explored the tripartite | W) to find violations 
for rj > 0.86. 

The results presented here greatly enhance the pos- 
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sibilities of attaining Bell violations in this experimental 
setup. In particular, the reasonably low requirements 
both in detection efficiency and transmittance are rather 
promising. At this point, the greatest experimental quest 
seems to be the search for feasible states and their even- 
tual realization in the lab. In that regard, there is lots 
of room for improvement, since the cases studied here 
represent just a small fraction of all the possibilities. 

From a theoretical point of view, a natural develop- 
ment would be to improve our results by using other Bell 
inequalities, such as Innmm, as done in [ ]. Another 
approach would be to follow the work of Garbarino [ ] 
and find a state which requires vanishing photodetector 
efficiency to provide a loophole-free Bell violation. 
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Appendix A: ||B|| = 2 v / l + sin 2 
Lemma 1. D and Q can be written as 

d = non + (i - n)D(i - n) 

Q = UQU+(1-U)Q(1-U), 

where Tl is the projector onto the subspace generated by 
{|0>,Q|0>}. 

Proof. Note that {|0}, Q|0)} is an invariant subspace of 
both operators D and Q, as 

Q(*|O)+0Q|O)) =«Q|0)+/3|0) 

and 

D(«|O)+0Q|O)) = -«|0)+ J 6DQ|0) 

= -«|O)+0(-2|O)(O|Q|O) + Q|O)) 
= -(« + 26<0|Q|0))|0)+BQ|0). 

Since both D and Q are self-adjoint, it follows that the 
pre-imageof {|0),Q|0}} is also within {|0),Q|0)}, so the 
orthogonal decomposition is valid for both operators. 

□ 

Using this lemma one can check that ? [Q, D] = 
[FIQn, riDFI] . That is, the only subspace relevant for 



5 Just use the fact that (1 - n)D(l - IT) = 1. 



a CHSH violation is the one generated by {|0},Q|0}}. 
Now we can restrict the domain of our operators to 
it and calculate the maximal attainable violation using 
Tsirelson's identity [ ], \\B\\ 2 = 4 + ||[Q,D]|| 2 . Let's 
now understand how our observables act on this sub- 
space. 

Expanding Q in the Fock basis (2), we have 
Q|0> = (2 J a+ <?l - l) |0> + £2 J a+ Wn \n). 
Since Q is unitary, it is useful to define 




for 9 6 (0, Tl), so that 

Q|0) = cos0|O) +sin0|E). 

This allows us to write the restriction of Q in the or- 
thonormal basis {|0}, |E}} as: 

_ /cos 6 sin 6 \ . 

Or —I . n „ ) = cost) cr z + smu a x . 

^ K \sm6 -cos 6 J 

For the photodetection observable D, we simply notice 
that D\0) = -|0) and D|H) = |S) to see that restricted 
to the {|0}, |S}} basis the operator D is 

D R = -a z . (Ai) 

With these forms of Qr and Dr, a straightforward 
calculation shows that 

ll^ll 2 =4 + 4sin 2 0. 



Appendix B: Effects of specifying (^Aj (£> BjJ 

Theorem 2. If | (A; ® By) | = 1, for any given i,j, then 
max|(B)| =5/2. 

Proof. The proof of this theorem is based on the ideas 
presented in [33]. 
Define 

\Aq):=Aq®1\iP), \Bq) :=1®B |V>, 

|Ai> :=Ai®l|^) # |Bi> :=l(8>Bi|V). 

So || I A,-) || = |||B/)|| = 1 and 

(ip\B\ip) = (A \B ) + (A \Bt) + (AxIBo) - (A^B,). 
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Now we choose (Ao|£>o) = 1, the proof being the 
same for other So |Ao) = \Bq) and we can write the 
expected value of the CHSH operator as 

\(ip\B\ip)\ = |1 + (Bq\Bi) + (Ai|B ) - (A 1 \B 1 )\ 

< |l + (Bo|B 1 )| + KA 1 |(|B )-|B 1 ))| 

< |i + (B |B 1 >| + |||iBo)-|B 1 )|| 

= |l + (B |B 1 )|+V2 A /l-(B |B 1 ) 

< 5/2. 

Note that (Bq|Bi) = (Ao|Bi) is real, as an expected value 
of a self-adjoint operator, so we can pass from the third 
line to fourth. □ 

We can generalize this theorem by fixing the value of 
| ( Aj ® Bj) | and optimising with respect to the other cor- 
relation terms. By using this framework we can recover 
the above theorem, prove that if | (A; ® By) =0, then 
max| (B) | = 3\/3/2 » 2.60, or prove that | (A { (g> Bj) | = 

l/y/2 for all i,j is a necessary condition for attaining 
the Tsirelson bound. The general result is presented in 
figure 3. 




Appendix D: States referenced in table IV 



\ip 2 ) = 0.98|00) + 0.17|22) + 0.03(|02) + |20» 

^4) = 0.96|00) +0.19|22) +0.05|44) +0.07(|02) + |20)) 
- 0.04(|04) + |40)) - 0.10(|24) + |42)) 

\ip 6 ) = 0.94|00) - 0.19|22) - 0.08|44) - 0.01|66) 
-0.10(|02) + |20)) +0.06(|04) + |40)) 
-0.04(|06) + |60)) +0.12(|24) + |42> ) 

-0.07(|26) + |62)) +0.04(|46) + |64)) 

|Vs> = 0.92|00) -0.17|22) -0.09|44) -0.04|66) +0.01|88) 
-0.12(|02) + |20)) +0.08(|04) + |40)) 
-0.06(|06) + |60>) +0.04(|08) + |80> ) 
+ 0.12(|24) + |42)) — 0.08(|26) + |62)) 
+ 0.05(|28) + |82>) +0.06(|46) + |64)) 

-0.03(|48) + |84)) +0.01(|68) + |86)) 

Appendix E: States referenced in table V 



^2) = 0.22|00) - 0.69(|02) + |20>) - 0.01|22) 
|<^4) = 0.31|00) +0.26(|02) + |20)) -0.62(|04) + |40)) 



-1 _J_-0.5 0.5 J_ 1 

Figure 3. max| (B) \ as a function of any expected value. 



Appendix C: States referenced in table III 



\Xi) 


= 0.22|00) - 


0.66(|01) - 


- |io» 


- 0.28|11) 


1*2) 


= -0.13|00) - 


- 0.69(|02) - 


f |20)) 


+ 0.07|22) 


1*3) 


= 0.28|00) - 


0.67(|03) - 


h |30>) 


+ 0.03|33) 


|X4) 


= 0.19|00) - 


0.69(|04) - 


h |40» 


- 0.02|44) 



\tpe) = 0.38|00) +0.17(|02) + |20)) - 0.30(|04) + |40)) 

+ 0.56(|06) + |60)) 

\(ps) = 0.42|00) +0.13(|02) + |20)) - 0.20(|04) + |40)) 
+ 0.32(|06) + |60>) — 0.51(|08> + |80>) 

Appendix F: States referenced in table VI 



= -0.91|00) + 0.07(|02) + |20>) + 0.40|22) 

|^4) = -0.83|00)+0.36|22)-0.40|44) +0.07(|02) + |20)) 
- 0.03(|04) + |40)) - 0.10(|24) + |42)) 
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|£ 6 ) = 0.67|00) - 0.29|22) + 0.30|44) - 0.45|66) 
- 0.05(|02> + |20)) +0.03(|04) + |40)) 
-0.01(|06) + |60>) +0.11(|24) + |42)) 

-0.04(|26) + |62>) — 0.25(|46> + |64)) 



|? 8 > = 0.50|00) -0.22|22) +0.22|44) -0.10|66) +0.43|88) 
-0.03(|02) + |20)) +0.02(|04) + |40)) 
-0.01(|06) + |60)) +0.01(|08) + |80>) 
+ 0.09(|24) + |42>) — 0.04|26> + |62)) 
+ 0.02(|28) + |82)) -0.21Q46) + |64)) 

+ 0.10(|48) + |84)) +0.41(|68) + |86» 
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